Energy levels of D0 and D- in graded quantum-well structures of GaAs/Ga1-xAlxAs under magnetic fields by Zhu  Jia-Lin et al.
Energy levels of D0 and D- in graded
quantum-well structures of GaAs/Ga1-xAlxAs
under magnetic fields










Energy levels ofD0 and D2 in graded quantum-well structures of GaAs/Ga12xAl xAs
under magnetic fields
Jia-Lin Zhu
Chinese Center of Advanced Science and Technology (World Laboratory), P.O. Box 8730, Beijing 100080, China
and Department of Physics, Tsinghua University, Beijing 100084, China*
D. L. Lin
Department of Physics, State University of New York at Buffalo, Buffalo, New York 14260-1500
Y. Kawazoe
Institute for Materials Research, Tohoku University, Sendai 980, Japan
~Received 3 May 1996!
Energy levels ofD0 and D2 confined in graded quantum wells of GaAs/Ga12xAl xAs structures under
magnetic fields are investigated in detail by the variational method. Binding energies as well as the 1s→2p2
transition energy forD0 andD2 in a square well calculated from the same trial wave functions are shown to
be in good agreement with existing Monte Carlo calculations and with experimental data. An interesting
quantum shape effect is revealed by studying the ratio ofD2 transition energy to its binding energy. A detailed
study ofD0 andD2 states in graded quantum wells shows that~a! D2 binding energies first increase with the
magnetic field and then decrease when the field increases further,~b! for a given well gradient, the singlet
s-like state binding energy peaks at a much lower field strength than the tripletp-like states, producing the
energy level crossing phenomenon, and~c! D2 will be dissociated into aD0 and an electron when either the
field or the gradient increases.@S0163-1829~96!06548-4#
I. INTRODUCTION
Stimulated by the interest in fundamental research and
technological applications, a great variety of low-dimen-
sional semiconductor microstructures have been fabricated
and investigated in recent years. The properties of impurities
doped by various doping schemes are of particular impor-
tance in the design of devices. Energy levels of a neutral
hydrogenic donor orD0 in GaAs/Ga12xAl xAs quantum wells
and transitions between 1s and np levels under arbitrary
magnetic fields have been investigated forn52,3,4.1 The
negatively charged donorD2, a bound state of an electron
and D0, has also been identified in multiple-quantum-well
structures recently.2,3 Since then a large amount of work,
both theoretical and experimental, has been carried out.2–17 It
is found that forD2 situated at the square quantum-well
~SQW! center, the binding energy for the lowest singlet state
is much larger than that for the lowest triplet state,3,6 and that
the number of bound states increases under the applied mag-
netic field.3,9 As is well known, the binding energy ofD0
increases with increasing magnetic fields. The same behavior
of D2 binding energy is easily understood. The ratios f D0
andD2 binding energies approaches a constant and freezes
in the high-field limit.17 A recent study18 reveals that in high
fields s depends strongly on the dimensionality. Numerical
calculations show thats;0.055 for three dimensions~3D!,
;0.1 for 2D,;0.2 for 1D, and;0.3 for 0D, depending upon
the detailed shape of confinement potentials. Since strong
magnetic fields serve the purpose of confinement for charge
carriers,s increases from;0.055 with the increasing mag-
netic field and approaches;0.2 in the strong field limit in
3D. In a narrow SQW, the increasing magnetic field in the
growth direction changes from ;0.1 to;0.3.
Although extensive studies on various aspects of impurity
states in multiple-quantum-well systems and superlattices of
ifferent combinations have been made in the past, they are
mainly concerned with impurities in a square quantum well.
An observation19 of a transient electrical polarization phe-
nomenon in sawtooth superlattices of GaAs/Ga12xAl xAs in
1983 has attracted much attention to the electronic structure
and related phenomena of graded-gap microstructures with
their possible device applications in mind.20–25It is expected
that the break of reflection symmetry in such structures can
give rise to a number of interesting new phenomena. In par-
ticular, it has been found that the electron-phonon scattering
rate in an asymmetric quantum well differs remarkably from
that in symmetric wells due to the applied field and changed
phonon modes, which is useful in devices.25
The electronic structures in graded quantum-well~GQW!
systems with or without the external electric field have been
investigated in great detail. For example, in order to achieve
high on-off ratio and low operation voltage, a GQW struc-
ture has been proposed,20–22 in which both the conduction-
and valence-band edges in the well vary linearly along the
growth direction. In this paper, we investigate the effects of
the broken reflection symmetry on the energy levels ofD0
andD2 confined in a quantum well, and attempt to calculate
energy level schemes in GQW structures with and without
the magnetic field.
The organization of this paper is as follows. In Sec. II we
describe the Hamiltonian of the problem. The procedure of
calculation is briefly outlined in Sec. III. Energy levels ofD0
andD2 in a SQW are obtained in Sec. IV as a function of
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the well width for given magnetic fields, and compared nu-
merically with existing results from the Monte Carlo
calculation5 as well as with experimental measurements.16 In
Sec. V the ground-state energy as well as the 1s-2p2 tran-
sition energy are calculated forD0 and D2 in GQW’s in
arbitrary magnetic fields. Results for a few particular field
strengths are presented as a function of the field strength for
various spatial gradients of the GQW. A few concluding re-
marks are also discussed in this section.
II. THEORY
Consider a donor in a GaAs quantum well of
GaAs/Ga12xAl xAs structure with a magnetic fieldB applied
in the growth direction. If the impurity is situated atz0 from


















where the 3D position vectorr5~r,z!, the effective Rydberg
Ry*5e2/2ea* , and the effective Bohr radiusa*5e\2/
m* e2 are taken to be the energy and length units, respec-
tively. The magnetic field is measured in the unit
g5e\B/2m* cRy*5\vc/2 Ry* with the cyclotron frequency
vc . It is noted that in obtaining Eq.~1!, we have ignored the
polarization and image charge effects, as well as the Zeeman
spin energy which has no influence on the binding energy.
The confinement potential is taken to be
V~z!5 HV0 for uzu>L/2R~L/21z! for uzu,L/2, ~2!
whereR is the constant gradient of the potential well. The
GQW becomes a regular SQW whenR50. V0 andR can be
determined by a fixed ratio of the band-gap discontinuity
which depends on the aluminum concentration in the sample.
The Hamiltonian for aD2 center atz0 in the QW is given
by







wherer125ur12r2u. To solve the problem, we start with Eq.



























where we have introduced two parametersl and a to be
determined by the variational principle. Because of the cy-
lindrical symmetry, exact solutions ofH0 with the well-
defined magnetic quantum numberm can be obtained by a
series expansion method similar to the quantum dot
problem.26 If the ground state ofH0 is s-like ~m50! and the
first excited state isp2-like ~m521!, the corresponding
eigenfunctions can be written asc(z)c0~a,l,r! and
c(z)c1(a,l,r)e
2 iw. The energy levels and hence the
1s→2p2 transition energy forH(r,w,z) can be found by a
variational calculation.
LetE(D0,m) denote the energy level ofD0 in the statem,
then the binding energy in this state is given by
EB~D
0,m!5E~e,0!2E~D0,m!, ~5a!
whereE(e,0) stands for the ground state of an electron in a
quantum well in the magnetic field of strengthg. The
1s→2p2 transition energy is given by
DE~D0!5E~D0,1!2E~D0,0!. ~5b!
In a similar fashion, we rewrite~3! for D2 as
H5H0~l1 ,a1 ,l2 ,a2!1H int~l1 ,a1 ,l2 ,a2!, ~6a!
H0~l1 ,l2 ,a1 ,a2!5H0~l1 ,a1r1 ,w1 ,z1!
1H0~l2 ,a2 ,r2 ,w2 ,z2!, ~6b!






Using the exactD0 eigenfunctions given above, we can eas-
ily construct the trial functionsCM of Chandrasekhar type
27
with the well-defined total magnetic quantum number
M5m11m2 . Thus we have the trial functions
C05A0~11cr12!c~z1!c~z2!@c0~l1 ,a1r1!c0~l2a2 ,r2!
1c0~l1 ,a1 ,r2!c0~l2 ,a2 ,r1!# ~7a!
for the lowest singlets-like state, and
C1
65A1~11cr12!c~z1!c~z2!
3@c0~l1 ,a1 ,r1!c1~l2 ,a2 ,r2!e
2 ir2
6c0~l1 ,a1 ,r2!c1~l2 ,a2 ,r1!e
2 ir1# ~7b!
for the singlet~1! and triplet ~2! p2-like states. We have
introduced one more variational parameterc in Eqs.~7!. A1
andA2 are normalization constants.
III. METHOD OF CALCULATION
We are now in a position to calculate theD2 energy
eigenvaluesE(D2,0),E1(D2,1) andE2(D2,1) for the sin-
glet s-like, and singlet and tripletp-like states, respectively.
Since theD0 states in quantum wells under arbitrary mag-
netic fields have been well investigated, both experimentally
and theoretically,1,3,5,15we can check our calculations with
existing results as a test of our choice of trial wave functions.
It turns out that the above trial wave functions yield very
good results compared to the Monte Carlo calculations3 as
we shall see later.
To describe the method of calculation, it is most conve-
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nient to illustrate the procedure by considering a specific









1K C12U 2@r122 1~z12z2!2#1/2 UC12L . ~8!
The first two terms of the energy eigenvalue can be evaluated


















where F(a,b,c,x) is the hypergeometric function,
r,5min$r1,r2%, and r.5max$r1,r2%. The last term of~8!
involves five-dimensional integrals of the type
FMN5E L~l1 ,a1 ,r1 ,l2 ,a2 ,r2!eiMwr12N c2~z1!c2~z2!@r122 1~z12z2!2#1/2
3dz1dz2dr1dr2dw, ~10!
whereM561,N50,1,2, andw stands for the angle between
the position vectors of the two electrons. The functionL
represents the integrand in the Coulomb and exchange inte-
grals. More explicitly, we have
L~l1 ,a ,r1 ,l2 ,a2 ,r2!5c0
2~l1 ,a1 ,r1!
3c1
2~l2 ,a2 ,r2!r1r2 ~11a!
for Coulomb integrals and
L~l1 ,a1 ,r1 ,l2 ,a2 ,r2!5c0~l1 ,a1 ,r1!c1~l2 ,a2 ,r2!
3c0~l1 ,a1 ,r2!
3c~l2 ,a2 ,r1!r1r2 ~11b!
for exchange integrals.
In order to evaluate these multidimensional integrals, we
need an effective numerical method with high accuracy. This
is accomplished by introducing the functions
I ~r12!5E E c2~z1!c2~z2!@r122 1~z12z2!2#1/2 dz1dz2 , ~12a!
GMN~r1 ,r2!5E r12N I ~r12!eiMwdw. ~12b!
Both functions can be found by evaluating the integrals nu-
merically for a given set of parameters including the gradient
R, the well widthL, and the barrier heightV0 which is de-
termined by the relative aluminum concentration in the well
and barrier of the system. With these functions stored nu-
merically in the computer, Eq.~10! becomes essentially a
two-dimensional integral,
FMN5E L~l1 ,a1 ,r1 ,l2 ,a2 ,r2!GMN~r1 ,r2!dr1dr2
~13!
and can be carried out without difficulty.
After E(D2,0) andE2(D2,1) are found, the binding en-
ergy of the singlets-like state follows directly as
EB~D
2,0!5E~D0,0!1E~e,0!2E~D2,0!. ~14a!
Similarly, the binding energy of a tripletp2-like state is
EB~D
2,1!5E~D0,0!1E~e,0!2E2~D2,1!. ~14b!
To determine the transition energies, we note that in addition
to the spin conservation, the dipole-excitedD2 transitions in
Faraday geometry obey the selection ruleDM561. TheD2
transitions ofDM511 and21 are analogous to 1s→2p1
and 1s→2p2 D0 transitions, respectively.6,16 Since thep1-
andp2-like states are separated exactly by the cyclotron en-





is the 1s→2p2 D2 transition energy.
IV. D0 AND D2 STATES IN A SQW
To verify the validity of the trial wave functions as well
as the accuracy of the calculation we first compute the bind-
ing energiesEB(D
0,0) andEB(D
2,0) for D0 andD2 at the
well center of GaAs/Ga0.25Al0.75As structure with well
widths 200 and 100 Å. The parameters we use are Ry*55.8
meV, a*5100 Å, andg51 corresponds toB56.75 T. Our
results are posted in Table I along with the diffusion quan-
tum Monte Carlo results4,5 for various magnetic fields. It is
clear that the present work yields consistently smaller bind-
ing. However, the differences are comparable to the statisti-
cal fluctuations of the Monte Carlo calculation. Thus the trial
TABLE I. Comparison ofD0 and D2 binding energies with
Monte Carlo results. Energy is expressed in the unit Ry* .





















aThe error bars of the Monte Carlo calculation are estimated at two
units of the last digit in the data as shown in Ref. 5.
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wave functions we have assumed are reasonable and the nu-
merical work is sufficiently accurate.
D0 andD2 cyclotron resonance energies have been mea-
sured in GaAs/Ga12xAl xAs SQW’s of different widths. Ex-
perimental magneto-optical transition energy is found to in-
crease with decreasing well width, in good agreement with
the variational quantum Monte Carlo results.16 We compare
our results with those of Ref. 16 in Table II, in which
1s→2p2 transition energiesDE(D2) and DE(D0) at the
center of SQW’s, andDEb(D
0) at the barrier center28 com-
puted for various cases are listed along with available experi-
mental data.16 That very good agreement is obtained in all
cases once more confirms the validity of the present treat-
ment.
To further study the dependence of theD2 transition en-
ergy on the well width and applied magnetic fields, we com-
pute the ratioh5DE(D2)/EB(D
2,0) along withDE(D2)
in SQW’s of GaAs/Ga0.25Al0.75As systems for various well
widths and magnetic fields. Table III lists 1s→2p2 transi-
tion energies calculated forD2 at the well center forL50,
100, and 200 Å in fieldsg50,1,3,5,10. The fact thath.1.0
for all cases implies that thep2- ~p1-! like excited state lies
above the Landau levelN50 ~N51! and hence is not bound.
In general, one finds that the transition energy increases with
the increasing field strength when the width is fixed, but
decreases with the increasing well width for a given field.
The ratioh decreases with the increasingL for a given field.
On the other hand, the variation ofh with the field depends
strongly on the well width. It is monotonically increasing
function of g in the 2D case~L50!, but peaks at certaing
value depending on the well width. An interesting quantum
shape effect may be noted from the data and is perhaps worth
further investigation. As the confinement in thexy plane due
to the magnetic field is of the order of the quantum-well
confinement inz direction, we find that the ratioh is close to
1. Henceh may be regarded as a shape-dependent parameter
characterizing the confinement. The higher symmetry the
system has, the closer is its value to unity. It is expected that
h is closest to 1 in a spherical dot.
V. D0 AND D2 STATES IN A GQW
We now consider graded quantum wells of
Ga12yAl yAs/Ga12xAl xAs/Ga12yAl yAs structures. To be
more specific, we takeV0540 Ry* , L52a* , and
R5Ry*/a*50,5,10. The aluminum concentrationy530% in
the barrier, whilex in the well changes linearly along the
growth direction from 0 to 7.5% and from 0 to 15% forR55
and 10, respectively.
In Fig. 1, we plot the binding energiesEB(D
0,m) as a
function ofg for m50 and 1 in GQW’s withR50,5,10. It is
observed that in general, the binding energies increase with
the field but decrease with increasingR. It is also noted that
the binding energy change is slower in the excited state~m
51! than in the ground state~m50! wheng.1. This is not
difficult to understand, because the excited-state wave func-
tion is more extended than that of the ground state, resulting
in a much stronger effect ofR on the Coulomb energy in the
ground state as we shall discuss later.
TABLE II. Comparison of 1s→2p2 transition energies in SQW’s with experimental data. The unit for
energy is cm21.
Transition energy B ~T!
Well/barrier
widths
L ~Å! Theory Experimenta
DE(D0) 95 75.0 75
10 144 65.6 66
194 58.0 59
DEb(D
0) 95/190 9.5 10
10 144/190 7.3 7
194/190 6.2 6
DE(D2) 95 47.9 48
10 144 43.4 44
194 40.2 40
95 37.8 38
5 144 35.0 35
194 32.1 33
aData are taken from Ref. 16.
TABLE III. Variation of DE(D2) and h in a SQW with the
well width and external fields.
L ~Å! g DE(D2) ~Ry* ! h
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D2 states in the same GQW system are also calculated on
the trial wave functions given by Eqs.~7!. Figure 2 depicts
the binding energiesEB(D
2,M ) as a function ofg for dif-
ferent gradientsR. Here we find that the binding energy
variation with the field for the singlets-like ~M50! state is
quite different from tripletp-like ~M51! states whenR in-
creases. Curves marked bya represent the case of zero gra-
dient ~R50! and indicate that the binding energy increases
monotonically with the magnetic field in SQW’s. The situa-
tion changes forRÞ0, as is shown by curvesb and c for
which the binding energies increase with the magnetic field
to a peak and then decrease wheng increases further. The
field strength that yields the largest binding is a decreasing
function of R. The most interesting feature of this study is
perhaps the level crossing phenomenon in GQW’s. For
R510, it is clearly seen that the crossing occurs atgc51.65.
This means that thes-like state becomes less bound than the
p-like states when the field isgc.1.65. The corresponding
field for R55 is gc57.5. Furthermore, we find that all the
D2 states in a GQW may become unbound when the mag-
netic field is sufficiently strong. In Fig. 2, this occurs for the
s-like state atg54.85 for R510. Thus a strong magnetic
field can dissociate aD2 into an electron and aD0 in
GQW’s.
The phenomena observed in Fig. 2 may be understood
qualitatively as follows. For a donorD0 or D2 located at the
well center, the reflection symmetry break due to a nonzero
R shifts the wave function towards the deeper side of the
well. Since the Coulomb and exchange integrals are deter-
mined by the mean value of@r21z2#21/2, and since thes-like
orbital is more localized than thep-like orbital, it is easy to
understand that for a fixedg the binding energy for thes
orbital is more sensitive toR than that of thep orbital be-
cause the magnetic field reduces the mean sizer and the
gradientR changes the meanz value. Hence theD0 binding
for a givenR always increases with increasingg, but for a
fixed g decreases with increasingR. On the other hand, the
mean distance between the two electrons inD2 decreases
with increasingR, the repulsive energy therefore results in a
decreasedD2 binding and eventually leads to the dissocia-
tion. This effect is enhanced as the magnetic field increases.
The transition energiesDE(D0) andDE(D2) are plotted
in Fig. 3 as a function ofg again forR50,5,10. The mag-
netic field dependence of the transition energy forD0 and
D2 in the low-field region are qualitatively different from
one another. This is not surprising and can be seen from
Figs. 1 and 2. The rate at whichEB(D
0,1) increases withg is
much faster thanEB(D
0,0) at the beginning untilg;1, and
FIG. 1. Variation of the binding energyEB(D
0,m) for states
m50 ~solid lines! andm51 ~dashed lines! with the magnetic fieldg
in GQW’s of depthV0540 Ry* , width L52a* , and gradient~a!
R50, ~b! R55, and~c! R510 Ry* /a* .
FIG. 2. Same as in Fig. 1 except forD2 singlet~solid line! and
triplet ~dashed line! states.
FIG. 3. Variation of the 1s→2p2 transition energy forD0
~solid line! and D2 ~dashed line! with the magnetic fieldg in
GQW’s of depthV0540 Ry* , width L52a* , and gradient~a! R50,
~b! R55, and~c! R510 Ry* /a* .
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then the trend starts to reverse gradually. On the other hand,
E(D2,0) increases much faster withg at the beginning and
starts tapering off afterg>1. Moreover, it is also clearly seen
from this figure that for a givenR in sufficiently strong fields
~g.1!, DE(D2) depends much more sensitively ong than
DE(D0) and the two transition energies approach each other
slowly as the field increases further. For a fixedg, we find
that the difference between the two transition energies de-
creases slowly with increasingR. This implies that the
greater the gradient, the more difficult to distinguish the two
transitions in experiments, but there is still a difference of
about 0.15 Ry* for the worst case~R510 Ry* /a* , g56! in
the plot. It is most interesting to note from Fig. 2 that for
RÞ0, the singletD2 binding energy decreases with increas-
ing g. This means that theD2 state energy increases with the
magnetic field in GQW’s, so that eventually it becomes un-
bound for ag value depending onR. This peculiar feature is
in sharp contrast to what can be found in the literature,2–18
and provides us with an unambiguous way to identify theD2
transitions in GQW’s. It is subjected to experimental verifi-
cation in the future.
Finally, it should be interesting to point out that the
1s→2p2 transition energyDEb(D0) of aD0 impurity situ-
ated in the barrier (z0.L/2) may not be easily distinguished
from the correspondingD2 transition in the well. This situ-
ation may also exist even whenRÞ0. On the other hand,
DEb(D
0) is usually much smaller than the corresponding
DE(D0) in the well in weak fields. Some particular cases are
given in Table II. This is easily understood because the elec-
tron in the well is on the average far from its parent donor in
the barrier. In practice, the transitionsDE(D2) and
DEb(D
0) are often discriminated by doping in the barrier
farther away from the interface. When the field increases,
however,DE(D2) andDE(D0) gradually become compa-
rable. ThereforeD0 andD2 transition lines in the well can
easily be distinguished from the transition line ofD0 in the
barrier by observing the field dependence of the transition
energy.29
In conclusion, we have found from our study ofD0 and
D2 states in GQW’s that the reflection symmetry break has
profound effects on the electronic structures and optical
properties. The most remarkable change is the occurrence of
the level crossing phenomenon amongD2 states. While the
magnetic field raises impurity binding energies monotoni-
cally in a square well, this is not always the case in GQW’s.
As we have seen in Fig. 2, the binding energy ofD2 states is
raised only to a peak by the magnetic field and then de-
creases when the field keeps increasing. That thes-like level
reaches its peak at much lower field than thep-like level
results in the level crossing which never occurs in SQW’s.
This field dependence of the binding energy also implies that
all D2 states in GQW’s eventually become unbound for suf-
ficiently strong fields. Furthermore, we note that the concept
of the freezing effect ofs is no longer valid in GQW’s
because theD2 binding energy may decrease as a conse-
quence of the symmetry break.
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